ABSTRACT
1 3 (trσ)1. The accent symbol• denotes an isochoric elastic deformation measure. The symbol sym(•) denotes the symmetric part of a second order tensor, such that sym(ℓ) = (ℓ + ℓ T )/2, and skw(•) the skewsymmetric part of the tensor, such that skw(ℓ) = (ℓ − ℓ T )/2.
The symbol (•)
T denotes transpose of a tensor. The symbol• is the material time derivative. The symbol • is the L2 norm of a vector or tensor, such that a = √ a ij a ij . The symbol 1 is the unity tensor, i.e., (1) ij = δ ij , where δ ij is the Kronecker delta. The symbol (•) over a variable denotes that it is dimensionless.
INTRODUCTION
Polycrystalline metals that undergo high strain ratespossibly nearing the shock regime (> 10 4 1/s)-experience a complex combination of deformation mechanisms, such as thermally-activated dislocation motion and generation, dislocation annihilation, dislocation drag, texture effects, recrystallization and grain growth, void nucleation, growth, and coalescence, infinitesimal isochoric elastic stretching, potentially large volumetric elastic stretching, and large rotations, for instance. The elastoplasticity model described in this paper is a phenomenological description of the physical deformation mechanisms observed at the dislocation length scale in polycrystalline metals. In the literature, more complex constitutive models have been developed that include spatial gradients of internal state variables [1] [2] [3] and free surface creation due to crack propagation [4] , among other deformation mechanisms and material processes experienced by polycrystalline metals (e.g., recrystallization and grain growth, phase transformations). We limit the model described in this paper to temperature and rate-dependent isotropic elastoplasticity. Damage and texture effects will be considered in future papers.
The formulation of the model begins with a description of the kinematics, through a multiplicative decomposition of the deformation gradient. We formulate the constitutive equations in the plastically deformed, elastically unloaded, intermediate configurationB. Constitutive assumptions are made for the Helmholtz free energy density reflecting infinitesimal isochoric elastic deformations in polycrystalline metals, but potentially large volumetric elastic deformation for an initially undamaged metal loaded in the near shock strain-rate regime. A dimensionless form of the model is presented in the current configuration, and material parameter fitting for this dimensionless form is demonstrated for two metals of similar lattice structure (body centered cubic (bcc) Tantalum and Tungsten).
MODEL FORMULATION
The formulation of a thermodynamically-consistent, finite strain, elastoplastic constitutive model for solids, in this case for a polycrystalline metal, proceeds in the following order: (i) kinematics, (ii) thermodynamics, and (iii) constitutive equations with parameter fitting.
Kinematics
For finite deformation elastoplastic constitutive modeling, we assume a multiplicative decomposition of the deformation gradient as [5] [6] [7] [8] 
where e stands for elastic, p for plastic, and θ for the temperature part of F (Fig.1) . The order of decomposition is not arbitrary. The first map F θ implies that there can be deformation due to temperature change (thermal expansion) without elastic or plastic deformation, where the plastic deformation for polycrystalline metals we consider to be primarily thermally-activated dislocation motion (although dislocation drag at high rates can occur). Macroscopic elastic deformation through F e can be unloaded from the current configuration B to the intermediate configurationB. The intermediate configuration (plastically deformed)B is a physically obtainable configuration by unloading elastically.
Note thatB is an incompatible configuration, but for the purpose of phenomenological elastoplasticity modeling, the mapping F p will be treated as a smooth mapping (i.e., no jump discontinuities or free surfaces at the dislocation scale are considered).
One of two polar decompositions of the elastic part of the deformation gradient F e is F e = V e R e (F e iĪ = V e iJ R eJĪ ), where V e is an elastic stretching tensor and R e is an elastic proper orthogonal tensor (cf. [9] for more discussion of these and other finite deformation plasticity kinematics). The elastic stretch tensor may be split into volumetric and isochoric parts as [10, 11] 
and then the elastic part of the deformation gradient is written as
The volumetric/isochoric split is appropriate for modeling metals that experience strain rates within the shock regime (> 10 4 1/s), where pressure and volumetric elastic deformation can be large for an initially undamaged metal [6] . The isotropic volumetric deformation due to change in temperature θ is written as
is a function of temperature θ. The multiplicative decomposition then becomes
where
δǏ I . When writing the left and right isochoric elastic Cauchy-Green tensors, the index formsF
and F e iĪ will be used equivalently, given that configurations B andB map through an isotropic tensor, Θ e (cf. Fig.1 . Note that the Jacobian of deformation becomes J = detF = J e J θ , where plastic deformation (dislocation motion) is isochoric for metals, such that J p = detF p = 1. The velocity gradient in the current configuration B then takes the form
The symmetric and skew-symmetric parts of the velocity gradient are the deformation rate d := sym(ℓ) and spin w := skw(ℓ).
Thermodynamics
The Clausius-Duhem inequality may be written pointwise in the current configuration B as
and pointwise in the intermediate configurationB as
where σ is the symmetric Cauchy stress for a non-polar solid, ρ is the mass density for a single phase solid in B,ρ = J e ρ, ψ is the Helmholtz free energy per unit mass, η is the entropy per unit mass, θ is the absolute temperature,Q = J e (F e ) −1 q is the heat flux inB and q the heat flux in B. Assume the Helmholtz free energy density inB may be additively decomposed (called "energy separate") as
whereρψ Θ e is the free energy density associated with volumetric elastic deformation J e ,ρψ e is the free energy density associated with isochoric elastic strainÉ e ,ρψ p is the free energy density associated with the presence of dislocation defectsǭ ss andβ, and ρg a free energy density that can be used to define entropy, where all are functions of temperature θ.ǭ ss is the lattice deformation due to the presence of statistically-stored dislocations (SSDs), andβ is a strain-like internal state variable associated with the Bauschinger effect (i.e., leads to the existence of a backstress for modeling cyclic loading). The strain-like internal state variables ǫ ss andβ are defined in the plastically deformed configurationB because their evolution equations assume a plastically deformed state. Equation (11) demonstrates the view that plastic deformation is the motion of dislocations, and the state of the material is a freezeframe of the deformed state, which is represented by the elastic lattice deformation due to the presence of defects (dislocations) and due to external loading. We have ignored the continuum representation of geometrically necessary dislocations (GNDs) leading to a physically-motivated backstress [1] [2] [3] , in order to simplify the formulation and finite element implementation. Eventually, the effect of GNDs will be included more explicitly in the model. Substituting Eqs. (8) and (11) into Eq.(10), and using σ = ( 
where 
∂J e (13)
Defining internal stresses due to dislocation defects as
the reduced dissipation inequality becomes
whereκ is the internal stress due to the presence of SSDs energy conjugate toǫ ss , andᾱ is a phenomenological backstress energy conjugate toβ. Because the deviatoric stress DevS is energy conjugate toĆ eL p , we use this stress in formulating the plastic evolution equations in theB configuration [14] . We can account for adiabatic heating as a result of high strain rate plastic deformation in metals, but we leave this for future inclusion into the model.
Constitutive Equations
The constitutive equations involve assumptions for functional forms, based on experimental evidence, for the following physical phenomena we consider in this short paper: (i) elastic deformation, (ii) plastic deformation, and (iii) thermal expansion.
Elastic Deformation Since isochoric elastic deformation is assumed to be infinitesimal and volumetric elastic deformation could be large in the shock regime, a quadratic form of the Helmholtz free energy density is chosen only for the isochoric part. For the elastic part of the Helmholtz free energy density, the volumetric and isochoric parts are defined asρ
where the temperature dependent elastic moduli are defined as
where m θ , n θ are parameters determining the temperature dependence of the elastic moduli, θ M is the melt temperature, µ 0 is the shear modulus at reference temperature θ 0 , and K 0 = λ 0 + 2µ 0 /3 is the bulk modulus at reference temperature. Note that f
can be a nonlinear function of the bulk modulus K(θ) and elastic Jacobian J e , which results in a pressure constitutive equation for an initially undamaged metal experiencing strain rates close to or within the shock regime (> 10 4 /s) [15] . It is possible also that the bulk modulus could be a function of J e . We leave f Θ e undefined for the moment. An expression for p in Eq.(18) easily could be obtained from an equation of state (EOS) model, but we will not discuss this aspect further given the extensive literature on EOS models for polycrystalline metals.
Recall that for polycrystalline metals, isochoric elastic deformation is infinitesimal, and thus we choose to linearize the isochoric elastic stretch tensor as [9] Ṽ e ≈1 +H, H < ε, where ε ≪ 1 is a small number. The implications of this assumption are now demonstrated. Recall the isochoric elastic part of the deformation gradientF e =Ṽ e R e . Now, consider the right and left isochoric elastic Cauchy-Green tensors, respectively,
where quadratic termsH(H) T are ignored with respect to the linear termsH. Note, however, thatH = 0, such that the isochoric elastic strain inB iś
As a result, the isochoric elastic strains are infinitesimal. In mapping constitutive equations from the intermediate configuration B to the current configuration B, we will use this isochoric elastic linearization. We consider volumetric elastic deformation J e as finite, yet in B we will consider also linearized volumetric elasticity to formulate a pressure equation for the case when the loading rate is less than that of the shock regime.
Plasticity and Evolution Equations
The part of the free energy density accounting for elastic strain energy due to the presence of dislocations is written as
which results in the stress-like internal state variables
where c κ and c α are parameters usually set equal to 1. Later, to mapκ andᾱ to the current configuration B, we will use the following relations
where κ and α are the corresponding stress-like internal state variables in the current configuration B. The mapping in Eq.(24) 1 was obtained by treatingκ =κ1 as an isotropic stress inB, and κ = κ1 as an isotropic stress in B.
T then Eq.(24) 1 results. Becauseκ andᾱ are stress-like internal state variables, they are treated as contravariant second-order tensors in terms of push-forward and pull-back operations (see Holzapfel [16] ). Refer also to Marin et al. [17] for more discussion on these operations for this model.
The plastic velocity gradient in the intermediate configurationB is additively decomposed into symmetricD p and skew-
The evolution equations forD p andW p account for thermallyactivated dislocation motion and dislocation drag at high strain rates [18, 19] as well as texture effects [20] (in a future paper 
where c 3 and c 4 are temperature dependent functions. Dynamic and static recovery mechanisms are not decoupled physical processes, but by superposing the two equations, this allows a reduction to Nes's static recovery equation (i.e.,ǫ p,eff = 0) while combining the two recovery mechanisms: 
where H is the hardening parameter, R d (θ) the temperaturedependent dynamic recovery function, R s (θ) the temperaturedependent static recovery function, A(Q L , θ) is a standard Arrhenius temperature dependence such that as θ → 0 then A → 0 and as θ → ∞ then A → 1, Q L denotes an activation energy for a given mechanism, and R is the universal gas constant. The parameters c 5 , c 6 , c 7 , Q 3 , and Q 4 will be fit to monotonic loading data. The evolution equation forβ is defined in a traditional hardening-minus-recovery form as [8, 25] 
where h is the hardening parameter, r d (θ) the temperaturedependent dynamic recovery function, and parameters c 3 , c 4 , and Q 2 are fit to cyclic loading experimental data. The plastic spin was determined from crystal plasticity for double planar slip as [26] 
where λ g is a geometry parameter dependent on slip system orientation,Ā is the symmetric deviatoric structure tensor accounting for texture inB. This expression for the plastic spinW p has been derived by others [27] , along with the evolution ofĀ. For isotropic plasticity, we chooseĀ =1, leading to zero plastic spinW p = 0 in this paper. The plastic deformation rateD p is defined separately by its magnitude and direction as
whereΦ p is the plastic potential function chosen to makeD p deviatoric inB. The flow rule (evolution of the effective plastic strain rate) accounting for transition between thermally-activated dislocation motion and dislocation drag is defined as [18, 19] 
whereǫ 1 is the thermally-activated effective plastic strain rate andǫ 2 is the effective plastic strain rate for dislocation drag. The thermally-activated effective plastic strain rateǫ 1 is defined for unified creep plasticity at low and high stresses [28] aṡ
with its temperature-dependent functions defined as
(39) n(θ) = c 9 /θ + c 1 where f (θ) and n(θ) govern the rate-sensitivity of flow stress (also known as the effective relative stressΞ eff in Eq.(37)), andȲ (θ) is the quasi-static temperature-dependent initial yield strength. The parameters Q 1 , c 1 , c 2 , and c 9 are fit to ratesensitive, temperature-dependent flow stress data, while parametersC 8 
whereΞ eff is the effective relative stress. The effective plastic strain rate for dislocation drag [18] is defined aṡ
where B is the viscous drag parameter. An illustration of Eq.(36) and its components can be found in Fig.2 . Semi-log and standard plots demonstrate the transition from thermally-activated dislocation motion to dislocation drag. Note the sharp increase in flow stress when the effective plastic strain rate enters the drag regime, which is ≈ 5.2 × 10 7 /s given the drag coefficient chosen. Note also that there is a transition region of 1 × 10 7 /s to 6 × 10 7 /s strain rate, through which the flow stress is governed by a transition from thermally-activated dislocation motion to dislocationdrag-dominated plastic flow. This transition region can be shifted based on the choice of the drag coefficient B. A smaller B shifts the drag regime to higher strain rates, while a larger value of B shifts the drag regime to lower strain rates. Remark 1: Note that the equation for thermally-activated effective plastic strain rate and unified creep plasticity in Eq.(37), ǫ 1 , can be inverted to determine a rate-dependent yield function as
where a quasi-static yield function is obtained for low plastic strain rates, i.e. whenǫ 1 ≈ 0.
Deformation due to Thermal Expansion
In [8] , the deformation due to thermal expansion is approximated linearly as
, where β 0 is the coefficient of thermal expansion at reference temperature θ 0 . Then
Map Constitutive Equations to Current Configuration
Recall that linearized isochoric elasticity for metals means that the isochoric elastic deformation is infinitesimal, and the left and right isochoric elastic Cauchy-Green tensors are linearized in Eqs. (20) and (21) . The volumetric elastic deformation, however, could be large, where J e = J/(J θ ) for initially undamaged metals loaded in the shock regime. Note that this assumption was made in the choice of quadratic free energy function in Eq. (19) , leading to linear isochoric elasticity. In the following, details of the map are outlined. In order to map the constitutive and evolution equations fromB to B, note that b e ≈ √ 3 and recall the mappings
Substituting these expressions and expressing in rate form, the rate constitutive equations for Cauchy stress, σ = s + p1, are
where f µθ := (∂µ/∂θ)/µ(θ), and the following relations were usedJ 
Because isochoric elastic deformations are infinitesimal for metals, we can assume that s ≪ µ(θ), and we ignore thed This stress rate can be viewed as an elastic Jaumann-Zaremba rate and is used in place of the isochoric elastic Oldroyd rate for Cauchy stress in Eq.(46) 1 . The rate evolution equations for the internal stress variables κ and α arė
andǫ p,eff ≈ǫ p,eff , except that all variables are evaluated in the current configuration inǫ p,eff . When writing the plastic flow rule in the current configuration, the following mappings are needed fromB to B
With the additional assumption that volumetric elastic deformation is infinitesimal (and thus linearized) for metals loaded at strain rates less than the shock regime (< 10 4 /s), the elastic Jacobian may be approximated as J e ≈ 1 + ǫ 
For linear volumetric elasticity, we choose the volumetric elastic part of the Helmholtz free energy density as
The resulting equations are summarized in Box 1.
Box 1. Summary of evolution equations for linearized volumetric and isochoric elasticity in B.
Dimensionless Form and Plasticity Parameter Fitting
Frost & Ashby [29] recognized that the stress-strain response of polycrystalline solids with similar lattice structure and bonding (e.g., bcc metals), when normalized with appropriate normalizing parameters, collapsed to a narrow band of curves. They coined the phrase "isomechanical groups" to describe these materials and their respective similar mechanical behavior when their evolution equations are normalized. From a practical engineering perspective, taking advantage of such behavior is very appealing when given experimental data at few temperatures and strain-rates used to characterize the mechanical response of a polycrystalline metal. We will demonstrate that dimensionless parameters fit to data of one bcc metal (Tantalum) can be used to approximate the response of another bcc metal (Tungsten). The expectation is that by using such parameters fit for one metal to approximate the behavior of another metal in the same isomechanical group, that extrapolating mechanical response beyond available experimental data will be better informed than if parameters are fit only to the limited data set. The normalizing parameters are:
where b is the Burgers vector at reference temperature
is the diffusivity at melt [29] , d 0 is the diffusivity prefactor, and Q d the diffusivity activation energy. The dimensionless variables, parameters, and rates are summarized in Table 1 . One-dimensional Uniaxial Stress Form of Model For fitting plasticity parameters and testing the model formulation, a one-dimensional uniaxial stress condition is assumed, for which the plastic spin w p = 0 and spin w = 0. The formulation is carried out for the dimensionless form of the model. Given an axial stressσ, axial strain rate * ǫ, axial elastic strain rate * ǫ e , axial plastic strain rate * ǫ p , and axial backstressα, the deformation rate and stress tensors are written as 
For the 1D case, we must normalize the pressure p the same as the deviatoric stress s in order to add them together to get the total stress. In addition, we assume the temperature dependence of the shear and bulk moduli are the same, i.e. m θ = n θ . Then,
Note thatp =σ/3. We then obtain the deviatoric stress rate *
The total stress is * 
Plasticity Parameter Fitting The process of plasticity parameter fitting involves three steps: (1) obtain the physical constants for your metal of interest in [29] (e.g., for Tantalum and Tungsten in Table 2 ), (2) fit parameters m i in Eq.(39) for quasistatic yield data, and (3) fit the remaining parameters to isothermal, uniaxial stress data for various temperatures and strain rates. Tantalum: The fit to quasi-static yield stress for Tantalum is shown in Fig.3 . Quasi-static yield stress is known only for temperatures 77K and 298K [30] . This involves fitting f Y (θ) in Eq.(38) to the normalized yield stress y(θ)/[2µ(θ)] at known temperatures (i.e., 77K and 298K) for an undamaged current configuration (or current configuration with known porosity) and assuming c 8 = 1. The resulting parameters are shown in Fig.3(b) . Figures 4 and 5 show the dimensionless fit for various temperatures and strain rates for Tantalum isothermal, uniaxial stress data in [30] . The resulting fitting parameters are shown in Table 3 (a). The fit bounds the data, but does a poor job of fitting the 298K, 1300/s strain rate data; and a less than satisfactory job of fitting the 77K data (low and high strain rates).
Tungsten: Given the physical constants in Table 2 (b) for Tungsten and the dimensionless fitting parameters for Tantalum in Table 3(a) (also a bcc metal, and specifically a refractory metal of the same isomechanical group [29] ), we expect an initial representation of the Tungsten response to be reasonable. Figure 6 shows an application of the dimensionless parameters for Tantalum to the Tungsten data, using the Tungsten physical constants, and shows that the initial fit is in the range of the data. The fit to quasi-static yield stress for Tungsten is shown in Fig.7(a) . Quasi-static yield stress is known only for temperatures 77K and 298K [31] . The resulting parameters are shown in Fig.7(b) . Figure 8 shows the fit to Tungsten uniaxial compression data with the dimensionless parameters shown in Table 3 (b). Clearly, this re-calibration of Tungsten dimensionless fitting parameters does a better job fitting the data in Fig.8 than using the dimensionless Tantalum fitting parameters in Table 3 (a), but the dimensionless Tantalum fitting parameters at the very least provide a good initial guess to the fit.
CONCLUSIONS
The paper presented a finite strain, rate and temperature dependent elasto-plastic constitutive model for polycrystalline metals. A multiplicative decomposition of the deformation gradient into elastic, plastic, and thermal parts is employed, along with a volumetric-isochoric split of the elastic deformation gradient F e . Isochoric elastic deformations in metals are assumed infinitesimal, whereas volumetric elastic deformation for initially nearly undamaged metals can be large at high strain rates. Generation and annihilation of statistically-stored dislocations (SSDs) is accounted for, along with dislocation drag at high strain rates. A dimensionless form of the model is presented using the approach of isomechanical groups by Frost and Ashby, demonstrating a fit of dimensionless plastic parameters for Tantalum, a body centered cubic (bcc) lattice structure refractory metal, and applying them to Tungsten, another bcc refractory metal. The initial fit of Tungsten data using Tantalum dimensionless plastic parameters provides a reasonable initial guess for the fit, that is easily refined, as demonstrated in the paper. Future work involves extending the model to include isotropic damage, texture effects, adiabatic heating, and three-dimensional numerical examples. 
